We present the extended electrodynamics in the presence of the axion and dark photon. We derive the extended versions of Maxwell's equations and dark Maxwell's equations (for both massive and massless dark photons) as well as the wave equations. We discuss the implications of this extended electrodynamics including the enhanced effects in the particle conversions under the external magnetic or dark magnetic field. We also discuss the recently reported anomaly in the redshifted 21cm spectrum using the extended electrodynamics.
I. INTRODUCTION
There are so many physical laws that have affected the way we understand the universe as well as the way we live our daily life. Yet, there are not many that match the electrodynamics represented by Maxwell's equations, which were discovered in the nineteenth century. The discovery of Maxwell's equations completely changed our daily and nightly life.
Maxwell's equations describe how the electromagnetic fields can be created with the sources (charges, currents and the time derivative of the electromagnetic fields). In the presence of the new particles, Maxwell's equations can be effectively modified as they can play the role of the additional sources. Interesting point is that the dark matter (more generally, dark sector particles), which are presumed not to interact electromagnetically with a sizable coupling, can be also the sources. Although these dark sector particles may not carry any electromagnetic charges, they can still couple to the photon (γ) either through a small mixing or a suppressed nonrenormalizable operator.
In this letter, we investigate the possibility of extending Maxwell's equations in the presence of the axion and dark photon. These particles are popular candidates of the light dark sector particles, which have been extensively studied [1, 2] . They can interact with the photon (or the electromagnetic fields) in the form of the portals. The axion (a) is a pseudoscalar (CP -odd) boson, which is often motivated to solve the CP problem of the QCD and the dark matter [3] [4] [5] [6] [7] [8] [9] . (We will use the term axion to indicate both the QCD axion and axion-like particle.) It can couple to the photon through an axion portal (a-γ-γ coupling). The dark photon (γ ′ ) [10] is a vector boson, which has been studied in the context of the positron excess and the muon anomalous magnetic moment. It can mix with the photon through a vector portal (γ-γ ′ mixing) [11] .
Recently, it was also pointed out that a new portal called 'dark axion portal' (a-γ-γ ′ and a-γ ′ -γ ′ couplings) can open up when the axion and dark photon coexist [12] and triggered subsequent studies in various contexts [13] [14] [15] [16] [17] [18] . This new portal is completely independent and cannot be constructed with other portals. One of the advantages we want to take in this work is that the size of this new portal can be way larger than the one constructed by the mere combination of the other two portals (vector portal and axion portal), which are highly constrained by the data.
We present the extended electrodynamics using the portals in the form of the extended Maxwell's equations and wave equations. They imply many interesting phenomena.
II. LAGRANGIAN
The kinetic mixing between two Abelian gauge groups provides the vector portal [11] 
whereF andF ′ are gauge bosons of the standard model (SM) electromagnetism U (1) EM and the dark electromagnetism U (1) dark , respectively, and a hatted field means that it is not a physical eigenstate yet. ε is a dimensionless parameter parametrizing the vector portal.
Depending on the model, the dark photon may get a mass with the Higgs mechanism or Stueckelberg mechanism [19] . The small mass can be obtained by various ways [20] . Diagonalizing the kinetic mixing and the mass matrix, one can obtain the physical eigenstates by taking the following transformation depending on whether the dark photon is massive or massless [11, 21, 22] .
Massless γ ′ case:
The effective Lagrangian for the extended electrodynamics in the presence of the axion and dark photon is
where e (e ′ ) is the electromagnetic (dark) gauge coupling 
If all portals are closed (ε = 0 and Gaγγ = G aγγ ′ = G aγ ′ γ ′ = 0), the original Maxwell's equations are restored and three particles (γ, γ ′ , a) would not communicate with each other.
and J (J ′ ) is the electromagnetic (dark) current.
(We do not consider the magnetic or dark magnetic monopoles in this letter.) In the massive dark photon case, the dark photon can couple to the electromagnetic current with a coupling εe; in the massless dark photon case, the photon can couple to the dark current with a coupling εe ′ . The axion portal (G aγγ ) as well as the dark axion portal (G aγγ ′ , G aγ ′ γ ′ ) are constructed using the anomaly triangle and the actual couplings depend on the details of the model. For instance, in the dark KSVZ axion model introduced in Ref. [12] , the portal couplings (below the QCD scale) for a massive dark photon are given as
where N C = 3 is the color factor. Q ψ (D ψ ) are the electric (dark) charge of the exotic quarks in the anomaly triangle. f a /P Q Φ is the mass scale of the exotic quarks. z ≃ 0.56 is the mass ratio of the u and d quarks.
The vector portal ε, whose size is constrained to be very small (ε 2 ≪ 1) by various data [1, 2] , appears in G aγγ ′ and G aγ ′ γ ′ . In the massless dark photon case, the G aγ ′ γ ′ does not contain the ε term, and the kinetic mixing effect flows in the other direction (i.e.,
Yet there are other terms constructed with dark gauge couplings and independent from the ε, which can be the dominant terms because of the highly constrained ε parameter. These terms are nonzero even if ε = 0.
Although we do not consider it in this study, it would be possible to generalize this new portal with a different gauge boson instead of a dark photon, for instance using a dark Z [23] , which is a variant of the dark photon with an axial coupling [24] [25] [26] [27] [28] ) or a light B − L gauge boson (for instance, see Refs. [29, 30] ).
III. EXTENDED ELECTRODYNAMICS
Throughout this letter, we take a convention of η µν = (+, −, −, −) with
Lagrangian (4) provides the equations of motion for the photon, dark photon and axion, respectively, as followings.
TABLE II. Wave equations for the electromagnetic fields, dark electromagnetic fields, and an axion field when there are no external sources (ρ = ρ ′ = 0 and J = J ′ = 0). In the massless dark photon case, one can simply take m γ ′ = 0.
Bianchi identities ∂ νF νµ = 0 and ∂ νF ′νµ = 0 are also relevant in deriving the extended Maxwell's and dark Maxwell's equations without source terms.
From the above equations of the motion, one can derive three important sets of the equations that describe the extended electrodynamics in the presence of the axion and dark photon. The extended Maxwell's equations and dark Maxwell's equations are given in Table I for the massive dark photon case; in the massless dark photon case, the vector portal (ε) contributions shift from dark Maxwell's equations to Maxwell's equations (see Table I caption). As it is quite clear from the equations in the table, the portal terms play a role of the additional sources of the (dark) electromagnetic fields. For instance, a space-time varying axion field in a magnetic field can produce a dark magnetic field and vice versa. The wave equations in vacuum (no source) are given in Table II .
IV. PHOTON-DARK PHOTON-AXION OSCILLATIONS
One of the striking features of the extended electrodynamics is that in the external magnetic field or dark magnetic field, the light particles (photon, dark photon, axion) can oscillate among themselves.
The oscillation equations among the three particles including all relevant portals can be derived from the equations of motion or Table II . We present this most general form for the first time. In the matrix form, they can be rewritten as
for the parallel direction with the external (dark) magnetic field, with an oscillation frequency ω of the three fields, and
The matrix components vary depending on whether the external field is the magnetic field (B T ) or dark magnetic field (B ′ T ) perpendicular to the particle direction (in the transverse direction). If the dark photon is massless, the direct conversion between the photon and dark photon via the kinetic mixing disappears but is still possible by the axion mediation [31] .
Case (a): in the external magnetic field,
It is also worth to note that the photon may obtain an effective mass in Eq. (15) from the plasma effects and QED effects under the influence of the external magnetic field [32] .
For a non-relativistic axion such as the relic cold dark matter axion, the QED mass is negligible compared to plasma mass. The plasma mass is a function of density, temperature, chemical composition of the medium, and the magnetic field strength. For example, often we have m 2 plasma = ω 2 plasma near pulsars. In some special position, this plasma mass can be equal to the axion mass [33] .
For a relativistic axion such as the axion emitted from the stellar objects, the QED mass may be relevant. The QED mass origins from vacuum polarizability and quantifies photon-photon interactions in the magnetic field. It is given by m
e /e ≈ 4.4 × 10 13 G), and this is important for high frequency photon compared to axion mass and very strong magnetic field [32] .
Case (b): in the external dark magnetic field,
In the external dark magnetic field case, the photon is massless due to the absence of magnetic field. The dark photon may possibly obtain the dark plasma and dark QED masses depending on the model which might be more relevant in the massless dark photon case.
In the presence of both of the B and B ′ fields, the mixing feature becomes just a combination of these two cases. The polarization of the photon (the dark photon) who joins the oscillation corresponds to the parallel direction with Because of a rather possibly sizable G aγγ ′ , the oscillations here are expected to be greatly enhanced over the results in other models without this term (for instance, see Ref. [34] ).
V. SUMMARY AND DISCUSSIONS
We extended the effective electrodynamics with contributions from the portals of the axion and dark photon. We presented the first full expressions for Maxwell's equations, dark Maxwell's equations, and oscillation equations. Especially, the contribution of the dark axion portal (axion-photon-dark photon vertex) is new and may possibly bring the significant effect as its size is not severely constrained as the other portals.
We note that the additional terms are from the portals that are supposed to connect the SM sector to the mysterious dark sector. The dark matter or dark sector particles are called dark because we cannot see it, and many search methods for them rely on other types of interactions such as the weak interaction. The electrodynamics extended with the portals to the dark sector reminds us the dark matter sector may be explored with light.
Possible implications of the extended electrodynamics are huge. After the extended electrodynamics in the presence of the axion was presented in Ref. [35] , it was followed by enormous number of works. This extended electrodynamics using the axion portal (G aγγ terms in Maxwell's equations in Table I ) is actually used in most axion search experiments [36] . We hope our study may also trigger many subsequent works and experiments to probe the dark sector using the electrodynamics. We list some of the possible directions in the following.
(i) Conversion in the lab: One can consider to design a similar setup as the light-shining-through-wall (LSW) experiments [37] used for the axion searches. They apply the external magnetic field to convert an axion to the electric field, using the G aγγ aFF = −4G aγγ a E · B, try to find the resonant signal of the electric field. One can use G aγγ ′ aFF = −2G aγγ ′ a E · B
′ + E ′ · B to convert the axion into a dark photon under the external magnetic field, and try to find that signal.
(ii) Conversion in the sky: One can consider the cold dark matter axion in the universe which converts to a photon passing through the dark magnetic field, for instance, a interstellar dark magnetic field, a dark pulsar, a dark magnetic monopole depending on the model [38] . The photon flux density is proportional to the portal coupling G aγγ ′ . This can be detected by future radio telescope experiments such as the Square Kilometer Array (SKA) [39] experiment. There will be a peak in the radio spectrum corresponding to the axon mass, which also helps to pin down the axion mass.
(iii) Possible extension with a CP-even scalar: As a possible direction to extend this study, one can consider to introduce a CP-even scalar φ, which may couple to the photon or dark photon as, for instance, c A φA
µν with a coefficient c A (c B ) of mass dimension 1 (−1). This could be considered as a scalar boson of the light dark sector, and it may extend Maxwell's equations and wave equations even further.
(iv) Anomaly in the 21cm spectrum: The 21cm wavelength corresponds to the hyperfine structure in the electron transition of the hydrogen atom. Recently, an anomalously larger absorption than the expected (3.8σ C.L.) was reported by the EDGES Collaboration in their global redshifted 21cm data (z ≈ 17) [40] , which could be explained by the cooling of the hydrogen gas caused by the interaction with the dark matter [41] . This can be compatible with other astro/cosmological data too if the dark matter has a certain property [42] [43] [44] [45] . For instance, it was argued to work if a small fraction of the dark matter consists of light particles which couple to the photon with a tiny strength with an additional depletion mechanism for the correct dark matter relic density. The millicharged dark matter or a fifth force was adopted in Refs. [42] [43] [44] [45] , but the axion-dark photon system with the extended electrodynamics can naturally fall into this category. The dark photon (axion) can be a fraction of the dark matter, which can be very light, and it can scatter off the baryons (through γ ′ N → aN via G aγγ ′ coupling), draining the excess energy from the hydrogen gas, while it is converted into an axion (dark photon). (This is the so-called 'dark Primakoff process' introduced in Ref. [14] ). This is qualitatively different from the suggested solutions with a millichargd dark matter or a fifth force in the sense the dark Primakoff process can convert a heavier dark component into a lighter one without an additional depletion mechanism.
Another possibility to explain the 21cm anomaly is to explain the potential bias on the cosmic microwave background (CMB) temperature by the heating of CMB photons [47] . There are recent works following this line of approach such as Ref. [48] using the axion decay into a pair of dark photons (via G aγγ ) followed by the photondark photon oscillation (via ε) and Ref. [49] using the axion to photon oscillation under the primordial magnetic field (via G aγγ ). This heating of the CMB photons could be accommodated in the extended electrodynamics using G aγγ ′ : for example, the a → γγ ′ decay or the oscillations of the axion to photon in the background dark magnetic field. Since G aγγ ′ has a dark photon, which does not couple to the SM particles directly, its constraint should be less strict than G aγγ . Also, the current data severely constrains ε 2 ≪ 1 [1, 2] . Therefore, it is expected that a mechanism using the G aγγ ′ can have a much larger effect than those using the combined effect of the vector portal (ε) and axion portal (G aγγ ).
